MATH 215 APPLICATIONS OF MATHEMATICS
CLASS TEST 1 SOLUTIONS
1. An object is moving in such a fashion that
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(a)
If x = 2 when t = 0, find the position x of the object when t = 5.

(b)
How long does it take this object to move a distance of 14 units away from its starting point?
Solution

(a)
We are told 
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; hence 
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Now when t = 0, x = 2. Hence 
[image: image5.wmf]2

2

9

c

+=

, i.e. 
[image: image6.wmf]216

2

99

c

=-=

, i.e. 
[image: image7.wmf](

)

3

4

216

13

99

xt

=++

. So when t = 5, 
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(b)
The starting point is at x = 2 (given). Hence “14 units away from its starting point” means that x = 16. So we want to find t such that 
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. Now multiply both sides by 9: we obtain 
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, whence 3t = 255, i.e. t = 85.
2. A ball is dropped from the roof of a building which is 40 metres tall. Assume there is no air resistance, and the acceleration due to gravity is constant at 
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(a)
How long does it take for the ball to reach the ground?

(b)
A second ball is thrown straight down at 
[image: image15.wmf]1

5

ms

-

, and takes the same amount of time to reach the ground. At what speed is it travelling when it hits the ground? 
Solution

(a)
Set the origin so that when t = 0, x = 0; also v = 0 then, as the ball is dropped not thrown. Let the x​-axis be pointing vertically down and the acceleration be a. Integrate a = g = 9.8 with respect to t to get v = 9.8t + c; but v = 0 when t = 0, so c = 0 and v = 9.8t. Then integrate with respect to t again to obtain 
[image: image16.wmf]2

4.9

xtd

=+

; but x = 0 when t = 0, so d = 0 and so 
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(b)
With the origin and axes as in part (a), we get to v = 9.8t + c as before; but this time v = 5
 
when t = 0, whence c = 5 and v = 9.8t + 5. We want to find v when the ball hits the ground, i.e. when 
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and so the ball is travelling at 
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 when it hits the ground.
3. A projectile is fired with initial velocity 
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 at an angle of  to the horizontal. After one second, it just passes over a 12 metre high wall 20 metres from the point of projection.

(a)
Find V and .


(b)
Find the maximum height h reached by the projectile.
Solution

(a)
Set the origin to be the point where the projectile is fired; then the initial conditions are when t = 0, x = y = 0, 
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. Then integrating once more with respect to t and using the initial conditions, we get 
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 (see lecture notes for details). Now t = 1, x = 20, y = 12 yields 
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Hence 
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(b)
For the maximum height h reached by the projectile, put 
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 (using the values from part (a)). Substitute this value of t into 
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, i.e. the maximum height h reached by the projectile is about 14.6 metres.
4. Two masses are connected by a string. One mass, 5 kg, is lying on a frictionless table. The string passes through a hole in the table to the other mass, 2 kg, hanging below. Suppose we want to keep the 2 kg mass stationary, and we want the 5 kg mass to remain moving in a circle with radius 30 cm. What should be the angular velocity of the 5 kg mass?
Solution

Using F = ma and acceleration due to gravity 
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 Newtons down. The forces must balance to keep the 2 kg mass stationary; hence the force on the 5 kg mass is 19.6 Newtons up. Thus the 5 kg mass is being accelerated by a force of 19.6 Newtons. So using F = ma once again, we can find the acceleration a of the 5 kg mass: 5a = 19.6, whence a = 3.92. But now we want the 5 kg mass to remain moving in a circle with radius 30 cm = 0.3 metres. If the angular velocity of the 5 kg mass is , we can now use the formula 
[image: image50.wmf]2

ar

=w

 to find : 
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Taking square roots, the angular velocity  of the 5 kg mass is approximately 3.615 radians per second. (If you wish – and this is optional – you can divide by 2 to get about 0.575 cycles per second, or 0.575 Hertz).
5. Suppose a road is banked at an angle of 20 degrees. A driver rounding a corner on this road sees a sign that says this (circular) corner is designed for a speed of 60 km/h. What is the radius of this corner?
Solution

First of all, note that 60 km/h = 
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Hence the radius of this corner is 
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6. A conical pendulum, with length 60 cm, is spinning at a rate of 0.7 Hertz (cycles per second). What angle does the pendulum make to the vertical?

Solution

Here 0.7 Hertz = 0.7 cycles per second = 
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 radians per second. The pendulum has a length of 60 cm = 0.6 metres; and the acceleration due to gravity is 
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 as per usual. So if   is the angle that the pendulum makes to the vertical, then
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whence 
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7. Show that
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Solution
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