ACU STRATHFIELD CAMPUS

MATH215 APPLICATIONS OF MATHEMATICS

SECOND SEMESTER 2006

PRACTICE CLASS TEST 2 (MACH 2) SOLUTIONS

There are 6 questions, on two pages. Complete, careful, correct answers to all questions will obtain full marks. The marks available for each question are indicated in brackets at the end of each question.

The actual test is worth 15% of your final mark.

You must give full working and complete, clear reasons to obtain full marks for questions. If no reasons are given, then no marks will be awarded for that part of the question.

You may attempt any and all questions, in any order that you choose.

Non-programmable calculators are permitted.

Aim to do this practice test in about 60 minutes; the actual test will be 50 minutes long.
1. Carefully, and in complete detail, explain each of the following terms or expressions.
(a)
dominant row
(b)
minimax
(8 marks = 4 + 4)

Answer

(a)
Given a matrix 
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, we say Row i of A dominates Row j of A if every entry of Row i is greater than or equal to the corresponding entry of Row j; in this case, we call Row i a dominant row.
(b)
Given a matrix 
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, find the maximal (largest) entry in each column, and take the minimum (smallest) of these; this is called the minimax.
2. Find all saddle entries in each matrix below, or explain why there is no saddle entry.
(a)
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(b)
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(c)
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(10 marks = 4 + 3 + 3)
Answer

(a)
Row minima – 1 and – 2, maximin – 1. Column maxima 1 and 3, minimax 1. As minimax is not equal to maximin, there is no saddle entry!

(b)
Row minima – 5, 0 and – 7, maximin 0. Column maxima 3, 1 and 4, minimax 1. As minimax is not equal to maximin, there is again no saddle entry.
(c)
Row minima – 3, – 1 and 1, maximin 1. Column maxima 6, 4, 1 and 5, minimax 1. As the minimax equals the maximin equals 1, we have a saddle entry of 1 in the (3, 3) position.

3.  Consider the game with payoff matrix 
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(a)
If Colin uses the mixed strategy 
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, what is Rose’s best strategy?
(b) If Rose uses the mixed strategy 
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, what is Colin’s best strategy?
(c) If Colin keeps his strategy fixed as in part (a), and Rose keeps her strategy fixed as in part (b), what is the expected payoff of the game?
(12 marks = 4 + 4 + 4)
Answer

(a)
Once she knows Colin’s strategy, Rose’s best strategy will be a pure strategy: pick her best row! Given Colin’s strategy as above, Rose’s expected payoff from Row 1 is
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Her expected Row 2 payoff is 
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; for Row 3 it’s 
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. Clearly best for Rose is Row 3 (the biggest number), so Rose should play Row 3; i.e. Rose should choose the strategy (0, 0, 1).
(b)
Once he knows Rose’s strategy, Colin’s best strategy will be a pure strategy: pick his best column! Given Rose’s strategy as in part (a), Colin’s expected payoff from Column 1 is
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His expected payoff for Column 2 is 
[image: image13.wmf]19
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; for Column 3, it is 
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. Clearly the best of these for Colin is Column 2 (the smallest number), and so Colin should play Column 2; i.e.
Colin should choose the strategy (0, 1, 0).

(c)
To find the expected payoff of the game, calculate the expected payoff from each position in the payoff matrix A; you should find the expected payoff of the game is
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4. Solve each of the following matrix games.
(a)
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(b)
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(10 marks = 4 + 6)

Answer

(a)
Row minima – 1 and 1, so the maximin is 1. Column maxima 4 and 1, so the minimax is 1. As minimax equals maximin equals 1, we have a saddle entry of 1 in the (2, 2) position. So the value of the game is 1, Rose’s optimal strategy is (0, 1) and Colin’s is also (0, 1).

(b)
Row 1 dominates Row 3, so delete Row 3 to get the following matrix:
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Now Column 1 dominates Column 3, so delete Column 3 to get
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For Row 1, the distance between the entries in Row 2 is 11. For Row 2, the distance between the entries in Row 1 is 5. So Rose’s optimal strategy is 
[image: image20.wmf]115

,,0

1616

æö

ç÷

èø

.

For Column 1, distance between the entries in Column 2 is 9. For Column 2, distance between the entries in Column 1 is 7. So Colin’s optimal strategy is 
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The value of the game is 
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5. Solve the following matrix game:
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(10 marks)

Answer
There are no saddle entries or dominant rows or columns. Adding 5 to each entry in the matrix to ensure at least one row all of whose entries are positive, we get
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Following the procedure in the lecture notes, we now want to find 
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and 
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 is as small as possible. I leave it to you to draw the boundary lines, and shade in the

relevant region. You should find that the vertices of the region are (1, 0), at the intersection of the

lines 
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The values of 
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Now solving for Colin, the above tells us he should only use Columns 2 and 3, as this is where the point 
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 at the intersection of the lines 
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which has solution 
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. So Colin’s optimal strategy is 
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Check:
If Colin plays Column 1, Rose’s expected outcome is 
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If Colin plays Column 2, Rose’s expected outcome is 
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If Colin plays Column 3, Rose’s expected outcome is 
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All 
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 the value of the game; Rose does better if Colin plays his bad column (Column 1).
If Rose plays Row 1, Colin’s expected outcome is 
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If Rose plays Row 2, Colin’s expected outcome is 
[image: image59.wmf](

)

1193

67

202020

´-+´=-

.
These are both equal to the value of the game. (Note that you are not required to perform this check in test or exam conditions).

6. Suppose that after successive removal of dominated rows and columns, a matrix A can be reduced to a 
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(10 marks)

Answer

Row 1 does not dominate Row 2; so either (i) a > c and b < d, or (ii) a < c and b > d. Similarly Column 1 does not dominate Column 2; so either (i) a > b and c < d, or (ii) a < b and c > d. This leaves us with 4 cases to consider:
1.
(i) and (i): a > c and b < d and a > b and c < d. Then a > b, c and d > b, c.
2.
(i) and (ii): a > c and b < d and a < b and c > d. Then a < b < d < c, contradicting a > c. So this is impossible: this case cannot happen.
3.
(ii) and (i): a < c and b > d and a > b and c < d. Then a > b > d > c, contradicting a < c. So this is impossible: this case cannot happen.
4.
(ii) and (ii): a < c and b > d and a < b and c > d. Then a < b, c and d < b, c.
In the first of these cases, multiplying a > b by d > c yields ad > bc, i.e. ad – bc > 0. From this we can conclude that 
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In the fourth of these cases, multiplying a < b by d < c yields ad < bc, i.e. ad – bc < 0. From this we still conclude that 
[image: image65.wmf]0

adbc

-¹

, i.e. 
[image: image66.wmf]det0

ab

cd

æö

¹

ç÷

èø

.
Hence in all possible cases (Cases 2. and 3. are impossible), 
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