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1. From the top of a stand 2.2 metres high overlooking a field, a ball is projected with a velocity of 10 metres per second at angle of elevation 
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(a)
Taking the acceleration due to gravity to be 
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, calculate the time that elapses before the ball hits the ground, and find the horizontal distance from the base of the stand to the ball’s point of contact with the ground.
(b)
Find the maximum height reached by the ball.

(20 marks)

Answer

Make the origin at the base of the stand; so the initial conditions are when t = 0, x = 0, y = 2.2. Also the initial velocity is V = 10 m/s, and of course 
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Now from 
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(a)
When the ball hits the ground, y = 0, whence 
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14

52.20

5

tt

-++=

. Multiply both sides by – 5  to obtain 
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, whence t = 1 (as


time can’t be negative). So the time that elapses before the ball hits the ground is 1 second.

Now the horizontal distance from the origin when t = 1 is 
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 metres. But we made the origin at the base of the stand! The horizontal distance from this base of the stand


to the ball’s point of contact with the ground is thus 9.6 metres.

(b)
The maximum height occurs when 
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Hence the maximum height reached by the ball is 2.592 metres.

2. A conical pendulum, with length 50 cm, is spinning at a rate of 1 Hertz. What angle does the pendulum make to the vertical?

(10 marks)
Answer

The length of the pendulum is l = 50 cm = 0.5 m, and it is spinning at a rate of  = 1 Hertz, which is 2 radians per second. (Multiply by 2 to go from Hertz to radians per second). Let   be the angle that the pendulum makes with the vertical. As usual, take the acceleration due to gravity to be 
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Hence 
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, i.e. the pendulum makes an angle of about 60.2 degrees (or 1.051 radians) to the vertical.

3.
Given the matrix game with payoff matrix
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find Rose’s optimal strategy if Colin plays the mixed strategy 
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(10 marks)

Answer

Once she knows Colin’s strategy, Rose’s best strategy will be a pure strategy: pick her best row! Given Colin’s mixed strategy 
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Similarly her expected payoff from Row 2 is 
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; from Row 3, it is 
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. Best of these for Rose is Row 2 (the biggest), so Rose should play Row 2; i.e. Rose should choose the strategy (0, 1, 0).

4. Solve the following matrix games.

(a)
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(b)
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(30 marks)

Answer
(a)
Row 3 dominates Row 1, and Column 1 dominates Column 3. Delete Row 1 and Column 3.

We obtain the following matrix:
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For Row 1, the distance between the entries in Row 2 is 1. For Row 2, the distance between the entries in Row 1 is 6. So Rose’s optimal strategy is 
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For Column 1, distance between the entries in Column 2 is 4. For Column 2, distance between the entries in Column 1 is 3. So Colin’s optimal strategy is 
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The value of the game is 
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(b)
Row 1 dominates Row 3; so delete Row 3 to obtain
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Adding 3 to each entry in the matrix to ensure at least one row all of whose entries are positive:
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Following the procedure in the lecture notes, we now want to find 
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and 
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 is as small as possible. You draw the boundary lines, and shade in the relevant region! You’ll find the vertices of the region are 
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The values of 
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Now solving for Colin, the above tells us he should only use Columns 1 and 2, as this is where the point 
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which has solution 
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5. Carefully, and in complete detail, explain each of the following terms or expressions.

(a)
Perfect code.

(b)
Expected payoff.

(c)
Instantaneous velocity.

(d)
Non-homogeneous difference equation. 

(e)
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(20 marks)

Answer

(a)
A binary (n, M, d)-code consists of M strings of 0s and 1s, each of length n, which are distance at most d apart i.e. differ in at most d places. We call C a perfect code if C is a binary (n, M, d)-code where
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(b)
Given a matrix game 
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 payoff matrix A, a mixed strategy for the row player Rose is a sequence of probabilities 
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, one for each row, which represent the probability that Rose will play that row. Similarly, a mixed strategy for the column player Colin is a sequence of probabilities 
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, one for each column, which represent the probability that Colin will play that column. Given these mixed strategies, the expected payoff of the matrix game is 
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(c)
Velocity is the first derivative of displacement with respect to time. If a particle on a string is moving in a circle, at any point the velocity of the particle is tangential to the circle; this is known as the instantaneous velocity. It is so called because the direction, and hence the velocity, is continually changing; so a particle moving in a circle is always accelerating.
(d)
A difference equation is an equation which relates a sequence of values by giving the value of the difference between one value of the sequence and one or more previous values of the sequence. In other words, a difference equation defines the value of 
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(e)
A q-ary code is a set of vectors 
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 is the distance between them: the number of places at which they differ.
6.
Find binary block codes with the following parameters, or explain why in a particular case it is not possible to do so.


(a)
(4, 8, 2)
(b)
(8, 10, 5)
(c)
(6, 6, 3)
(d)
(4, 3, 3)

(20 marks)

Answer

(a)
For example, the Reed-Muller code 
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 is a binary block (4, 8, 2)-code:
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(b)
Here 
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i.e. 
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(c)
We know that 
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 is a binary block (6, 8, 3)-code from Assignment 4. Now omit any two of these vectors to get a binary block (6, 6, 3)-code; e.g.
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(d)
Suppose such a code exists, and let the vectors in the code be 
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7.
Let C be an (n, M, d)-code, with d = 2t + 1 if d is odd and d = 2t + 2 if d is even. Show that we can correct t errors.
(15 marks)
Answer

We need to show that nearest neighbour decoding will work: in other words, for any given vector 
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But d is the minimum distance in the code C; in other words, any two distinct vectors 
[image: image116.wmf]y

%

 and 
[image: image117.wmf]z

%

 must be at least distance d apart, i.e. 
[image: image118.wmf](

)

,

dyzd

³

%

%

. This is a contradiction, unless 
[image: image119.wmf]y

%

 and 
[image: image120.wmf]z

%

 are not distinct; in other words, we must have 
[image: image121.wmf]yz

=

%

%
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; so nearest neighbour decoding will work, and we can correct t errors as required.

8.
A person borrows $7000, and agrees to repay it over a period of 4 years with equal monthly instalments. Interest is calculated monthly at the rate of 9% per annum. Find the amount of each monthly instalment.

(15 marks)

Answer

Here 9% per annum = 
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We want nothing owing after 4 years = 48 months; so we want 
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This yields 
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. Hence the person’s monthly payments must be $174.20.

9.
Solve each of the following difference equations.


(a)
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(b)
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(c)
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(20 marks)

Answer

(a)
This becomes 
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(b)
This time 
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(c)
Here 
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10.
Define a code C as follows: a vector 
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 is a codeword in C if 
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 is an n-digit number with an even number of 0s in it. (Starting 0s are allowed. So for example 012345 is considered a 6-digit number; but it is not a codeword, as it has an odd number of 0s in it. On the other hand, 1230407869 is a 10-digit number and is a codeword, as it has an even number of 0s in it). Let 
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 be the number of n-digit codewords.


(a)
Find a recurrence relation for 
[image: image167.wmf]n
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 , including initial condition(s).


(b)
Solve this recurrence relation.
(40 marks)

Answer

(a)
Note first that 
[image: image168.wmf]1
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, as there are 10 one digit numbers but one of them, 0, is not a codeword. To find a recurrence relation for 
[image: image169.wmf]n

x

, consider how you can obtain an n digit codeword from an n – 1 digit codeword. First, an n digit codeword can be obtained by appending a digit other than 0 to an n – 1 digit codeword. Now this appending can be done in 9 ways. So an n digit codeword can be formed in this manner in 
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 ways.

Second, an n digit codeword can be obtained by appending a 0 to an n – 1 digit number with an odd number of 0s in it. The number of ways that this can be done equals the number of n – 1 digit numbers which are not codewords. As the number of n – 1 digit numbers is 
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, and 
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 of them are codewords, this yields 
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 codewords which can be obtained in this way. But now all codewords must be produced in one of these two ways. Thus the desired recurrence relation is 
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(b)
Without going into the details of the working (use iteration, and the sum to n terms of a geometric series), the solution is
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