ACU STRATHFIELD CAMPUS

MATH215 APPLICATIONS OF MATHEMATICS

SECOND SEMESTER 2006

EXTRA QUESTIONS MACH 2: MATRIX GAMES - SOLUTIONS

1.  For the game with the following payoff matrix, solve the game, i.e. find optimal strategies for Rose and Colin, and find the value of the game:
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Answer

The first thing we do is look for saddle points! The row minima are – 3, – 2, – 4 and – 3, so the maximin is – 2. The column maxima are – 2, 4 and 6, so the minimax is – 2. Since the minimax equals the maximin equals – 2 (in the (2, 1) position), this is a saddle point. Hence the value of the game is – 2, Rose’s optimal strategy is (0, 1, 0, 0) (i.e. she should play Row 2), and Colin’s optimal strategy is (1, 0, 0) (i.e. he should play Column 1).

2.  Solve the matrix game with the following payoff matrix:
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Answer

Searching for saddle points leads nowhere (there are none), so look for dominated rows/columns next. Column 3 dominates Column 1, so delete Column 1 to get the following matrix:
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There are no more dominant columns, so now we look at the rows. As Row 2 dominates Row 1, we delete Row 1 to end up with the following matrix:

[image: image4.wmf]434

503

--

æö

ç÷

-

èø

.
As there are no more dominant rows or columns, we now proceed to the next step: adding 5 to each entry in the matrix to ensure at least one row all of whose entries are positive, we get
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Following the procedure in the lecture notes, we now want to find 
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and 
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 is as small as possible. I leave it to you to draw the boundary lines, and shade in the
relevant region. You should find that the vertices of the region are (1, 0), at the intersection of the
lines 
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The values of 
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. Thus the value of the game is 
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Now solving for Colin, the above tells us he should only use Columns 1 and 2, as this is where the point 
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which has solution 
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Check:
If Colin plays Column 1, Rose’s expected outcome is 
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If Colin plays Column 2, Rose’s expected outcome is 
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If Colin plays Column 3, Rose’s expected outcome is 
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If Colin plays Column 4, Rose’s expected outcome is 
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These are all 
[image: image43.wmf]³

 the value of the game; Rose does better if Colin plays his bad columns (1 and 4).
If Rose plays Row 1, Colin’s expected outcome is 
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If Rose plays Row 2, Colin’s expected outcome is 
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If Rose plays Row 3, Colin’s expected outcome is 
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These are all 
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 the value of the game; Colin does better if Rose plays her bad row (Row 1).
3.  Two competing TV networks, R and C, are scheduling one-hour programs in the same time period. Network R can schedule one of 3 possible programs, while network C can schedule one of 4 possible programs; neither network knows which program the other will schedule. Both networks ask the same outside polling agency to give an estimate of how all possible pairings of the programs will divide the viewing audience. The results are as follows, where R1 denotes Program 1 for R, R2 denotes Program 2 for R etc, and similarly for C: R1 gets 60% v C1, 20% v C2, 30% v C3 and 55% v C4. R2 gets 50% v C1, 75% v C2, 45% v C3 and 60% v C4. R3 gets 70% v C1, 45% v C2, 35% v C3 and 30% v C4. What program should each network schedule in order to maximise its viewing audience?
Answer

This corresponds to solving the following matrix game:
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Looking for saddle points, the row minima are 20, 45, and 30, so the maximin is 45. The column maxima are 70, 75, 45 and 60, so the minimax is 45. Since the minimax equals the maximin equals 45 (in the (2, 3) position), this is a saddle point. Hence the value of the game is 45, Rose’s optimal strategy is (0, 1, 0) (she should play Row 2), and Colin’s optimal strategy is (0, 0, 1, 0) (he should play Column 3). So Network R should schedule Program 2 (and expect on average to get about 45% of the viewing audience), while Network C should schedule Program 3 (and expect on average to get about 55% of the viewing audience).
4.  Solve the following 
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(a)
  
[image: image50.wmf]52

73

æö

ç÷

èø



(b)
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(c)
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(e)
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Answer

(a)
Saddle point 3 = value of game, so optimal strategies Rose (0, 1) and Colin (0, 1).
(b)
For Row 1, the distance between the entries in Row 2 is 5. For Row 2, the distance between the entries in Row 1 is 3. So Rose’s optimal strategy is 
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For Column 1, distance between the entries in Column 2 is 1. For Column 2, distance between the entries in Column 1 is 7. So Colin’s optimal strategy is 
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The value of the game is 
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(c)
For Row 1, the distance between the entries in Row 2 is 40. For Row 2, the distance between the entries in Row 1 is 20. So Rose’s optimal strategy is 
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For Column 1, distance between the entries in Column 2 is 10. For Column 2, distance between the entries in Column 1 is 50. So Colin’s optimal strategy is 
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The value of the game is 
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(d)
Saddle point 3 = value of game, so optimal strategies Rose (1, 0) and Colin (1, 0).

(e)
For Row 1, the distance between the entries in Row 2 is 3. For Row 2, the distance between the entries in Row 1 is 2. So Rose’s optimal strategy is 
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For Column 1, distance between the entries in Column 2 is 3. For Column 2, distance between the entries in Column 1 is 2. So Colin’s optimal strategy is 
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The value of the game is 
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(f)
For Row 1, the distance between the entries in Row 2 is 3. For Row 2, the distance between the entries in Row 1 is 10. So Rose’s optimal strategy is 
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For Column 1, distance between the entries in Column 2 is 1. For Column 2, distance between the entries in Column 1 is 12. So Colin’s optimal strategy is 
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The value of the game is 
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5.  Rose has 2 playing cards: a black ace and a red four. Colin also has 2 cards: a black two and a red three. Each player secretly selects one of his or her cards. If both selected cards are the same colour, Colin pays Rose (in dollars) the sum of the face values on the cards (ace is worth one). If the cards are different colours, Rose pays Colin the sum of the face values. What are the optimal strategies for both players, and what is the value of the game?
Answer

This corresponds to solving the matrix game 
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. For Row 1, the distance between the entries in Row 2 is 13. For Row 2, the distance between the entries in Row 1 is 7. So Rose’s optimal strategy is 
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. For Column 1, the distance between the entries in Column 2 is 11. For Column 2, the distance between the entries in Column 1 is 9. Hence Colin’s optimal strategy is 
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. So Rose should play her black ace 65% of the time, the red four 35% of the time; Colin should play his black two 55% of the time, his red three 45% of the time, and expect to win 15 cents on average.
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