ACU STRATHFIELD CAMPUS
MATH215 APPLICATIONS OF MATHEMATICS
SECOND SEMESTER 2006

EXTRA QUESTIONS MACH 2: MATRIX GAMES - SOLUTIONS
1.  Consider the game with payoff matrix 
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(a)
Suppose Rose and Colin used mixed strategies p and q respectively, where
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What is the expected payoff of the game?

(b) If Colin keeps his strategy fixed as in part (a), what strategy should Rose choose to maximise her expected payoff and/or minimise Colin’s expected payoff?
(c) If Rose keeps her strategy fixed as in part (a), what strategy should Colin choose to maximise his expected payoff and/or minimise Rose’s expected payoff?
Answer

(a)
To calculate the expected payoff of the game, calculate the expected payoff from each position in the payoff matrix A. For example, the expected payoff from the (1, 1) position is the probability Rose plays Row 1 (0.5) times the probability Colin plays Column 1 (0.25) times the payoff (
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(b)
Once she knows Colin’s strategy is fixed as in part (a), Rose’s best strategy will be a pure strategy; in other words, she must pick her best row and play that. Given Colin’s strategy as in part (a), Rose’s expected payoff from Row 1 is
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and similarly her expected payoff from Row 2 is 2.25 and her expected payoff from Row 3 is – 1. Clearly the best of these for Rose is Row 2 (remember, she wants the biggest number, and would prefer it to be positive!), so she should play Row 2; i.e. the strategy Rose should choose to maximise her expected payoff is (0, 1, 0).
(c)
Once he knows Rose’s (foolish!) strategy is fixed as in part (a), Colin’s best strategy will be a pure strategy; in other words, he must pick his best column and play that. Given Rose’s strategy as in part (a), Colin’s expected payoff from Column 1 is
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and similarly his expected payoff from Column 2 is 3, from Column 3 it is 1 and from Column 4 it is – 0.5. Clearly the best of these for Colin is Column 1 (remember, he wants the smallest number, and would prefer it to be negative!), so he should play Column 1; i.e. the strategy Colin should adopt to maximise his expected payoff is (1, 0, 0, 0).

2.  Given the game with payoff matrix below, find optimal strategies for Rose and Colin, and find the value of the game.
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Answer
Row 2 dominates Row 1 and Row 3, so delete Rows 1 and 3: Rose will never play those. We are left with the matrix ( 2  4 ). But now Column 1 dominates Column 2, so Colin would never play Column 2: delete that column to be left with the matrix (2). Hence the value of the game is 2, Rose’s optimal strategy is the pure strategy (0, 1, 0) (i.e. she should always play Row 2) and Colin’s optimal strategy is the pure strategy (1, 0) (i.e. he should always play Column 1).

Alternatively, we look for saddle points! The row minima are – 3, 2 and – 4, so the maximin is 2. The column maxima are 2 and 4, so the minimax is 2. Since the minimax equals the maximin equals 2 (in the (2, 1) position), this is a saddle point; it yields the same conclusion as above, that the value of the game is 2 and Rose should play Row 2 and Colin should play Column 1.
3.  Solve the following matrix game:
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In other words, find optimal strategies for Rose and Colin, as well as the value of the game.

Answer

As above, we find Row 3 dominates Rows 1 and 2; so we delete Rows 1 and 2 to remain with the matrix ( 5   2   3 ). Now Column 2 dominates Columns 1 and 3, so delete Columns 1 and 3: we are left with the matrix (2). So once again, the value of this game is 2; Rose’s optimal strategy will be (0, 0, 1) (i.e. play Row 3) and Colin’s optimal strategy is (0, 1, 0) (i.e. play Column 2).
Alternatively, row minima – 2, – 6 and 2, maximin 2; column maxima 5, 2 and 3, minimax 2. As minimax = maximin = 2, this yields a saddle point of 2 in the (3, 2) position. So again, the value of the game is 2, Rose should play Row 3 and Colin should play Column 2.
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