Australian Catholic University Strathfield

Semester | Discrete Mathematics MATH103

Difference Equations II

96. Solve each of the following difference equations.

(a)  Tpyo —3Tpt1+2x, =0,20=05,21 =7.

(b)  @pyo+5xp41 +6x, =0, 20=1, 27 =1.

(¢)  2mpy5 —5Tpyga —3xpe3 =0, 29 =3, 21 = —10.
(d)  xpi2+8layy — 172, =0, 2 =0, 21 = 0.

()  xp—6xp_1+92,2=0,20=28, x; =4.

(f)  @py2 —xp41 — 62, =0, 20 =—1, 21 = 1.

Solution.

In each case we first solve the auxiliary equation and then use the initial conditions to evaluate
any unknown constants that crop up.
(a)  The auxiliary equation is
2 —
a—3a+2=0
which has roots of @ = 1 and a = 2. Thus the solution to this difference equation
is
T, =Ax 1"+ B x2" = A+ B2".

If we look at the initial conditions.

5=x0=A+B2=A+B
7T=x,=A+B2'=A+2B

It is easy to see, this time, that B = 2 and hence A = 3 and the solution to the
difference equations is

Tp=34+2x2" =34 2",
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The auxiliary equation is a? + 5z + 6 = 0 which has roots a = —2 and a = —3.
Thus the solution to the difference equations is

xn, = A(=2)" + B(—3)".
The initial conditions tell us the following.

1:$0:A+B
1:$1:—2A—3B

This system of linear equations is only slightly harder to solve to show that A = 4
and B = —3. Thus the solution to the difference equation is

T, = 4(=2)" = 3(=3)" = 4(=2)" + (=3)"*1.

(Note that in this part, like the previous part, you don’t have to notice that
—3(=3)" = (=3)"*! to get the right answer.)

The auxiliary equation is
2a*> —5a —3 =0
which has solutions a = —1/2 and a = 3. Thus the solution to the difference

equation is

xn:A<—%> + B x 3™.

The initial conditions tell us that
3 = xrog = A+ B

A
—102351:—5—’—33

These are a bit harder to solve but you should find that A = 38/7 and B = —17/7

and so "
38 1 17
T

The number look really nasty here except that the initial conditions are both 0. If
we rearrange the difference equation we see that

Tpto = —8lzyi1 + 172,

It is easy to see now that xo = 0, as g = 1 = 0 and that indeed all the x,’s are
equal to 0. Thus the solution to this difference equation is z,, = 0.

The auxiliary equation is
2 —
a°—6a+9=0
which has repeated roots a = 3 and a = 3, thus the solution to the difference
equation is

T, = A3" + Bn3".
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Looking at the initial conditions.

8:1,‘0214

Thus A = 8 and B = —20/3 and the solution to the difference equations is

Tp =8x3" — ?HZS".

(f)  The auxiliary equation is
a®>—a—6=0

which has solutions a = —2 and a = 3. Thus the solution to the difference equation
is
xn, = A(—=2)" 4+ B3".

The initial conditions tell us

—1:$0:A+B
1:$1:—2A+3B

This system has solutions A = —4/5 and B = —1/5 and hence the difference
equation has the following solution.
4 1
n=—=(—2)"—=3".
m=—5(2" 3

100. Start revision for the exam.
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