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1. Prove that if F is a field, a, b ∈ F and ab = 0 then a = 0 or b = 0.
(15)

2. Show that any subfield of C is an extension of Q.
(10)

3. Show that 3
√

2 +
√

3 is irrational.
(25)

4. Evaluate
[
Q[

√
2 +

√
3 ] : Q

]
.

(25)

5. Carefully, and in complete detail, define each of the following terms or expressions.

(a) Degree of a polynomial.

(b) α is an algebraic number.

(c) β is an irrational number.

(d) Ring.

(e) K is an extension of F.
(20)

6. Evaluate deg
(√

2, Q
)
.

(10)

7. Show that { (
2

1+i

)
,

(
3−i

i−2

)
,

(
1+i

1+i

)
,

(
1+i

1−i

) }

is a basis for C2 over R.
(15)

8. (a) Show that if α is algebraic over F then there is a monic polynomial f(X) ∈ F[X] with α
as a root.

(b) If α is algebraic over F must α ∈ F?
(15)
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9. Factorise the following polynomials into irreducibles over the given field.

(a) 2X5 − X4 + X3 + 2X2 − 8X − 6 over Q.

(b) X4 + X3 − X2 + 6 over R.

(c) X3 + X2 + X + 1 over C.
(25)

10. If L is a field show that

(a) a × 0 = 0, ∀a ∈ L.

(b) (−a) × (−b) = ab, ∀a, b ∈ L.
(40)
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